Lothar Bog THE METHOD OF REDUCING THE ORDER OF LINEAR AERATOR EQUATIONS
In the theory of ordinary differential equations it is well known that it is possible to reduoe the order of a linear equation» if one knows a special solution of the corresponding homogeneous equation (of* [4])* The reason for the sucoess of this method is the property (1) nj(ttT) -(Du)v + uDv of the ordinary derivative D • d/dt. A similar method is known for difference equations (cf. [3] ) and functional equations (cf.
[5]) with a basic operator H, defined by Hu(t) = u(t+1) and Hu(t) = u(p(t)) respectively, which has the property (2) H(uv) = (Hu)Hv.
Here we want to generalize this method to other operator equations. Since by applying this method to an equation of order one-we get an equation of order zero, we give the following precise definition of the method. Let •ion
L.Berg
Then we consider the factorization (5) y = xz and search for two operators B,C depending only on A, so that z is to be determined from the equation
which is an equation of order zero with respect to Cz.
For simplicity we assume that all lower case letters denote elements from a field 31 and all capitals denote operators from X. into &. However, it would be possible to consider the case, where the Solution, the coefficient and the right-hand side of (3) belong to different sets which need not be fields. The unit element of Hi we denote by e.
Our result can be formulated as follows: There are only two possibilities namely A is expressible either by a derivative D with (1) or by a homomorphism H with (2).
Theorem

1.
If (3) is equivalent to (6), then A has the property Proof. Let x,z be two arbitrary elements of 3?, with x ^ 0. We define a by (4) and f by (3) and (5). Substituting (5) into (3) and considering (4) we get
and by oomparing with (6) we see that (7) holds. If (7) is fulfilled and y is a solution of (3), we define z by z = y/x and from (8) we obtain (6) . If (7) is fulfilled and (6) holds, then (6) may be written in the form (8) and from (4) it follows that (3) with (5) holds. (11) with u = x, v = y/x it follows that Dy = -by, i.e. D = -be2H, which contradicts our assumption A Henceforth we assume that D is an additive operator which until now has been not necessary. In view of (9) and (10) we have De = 0, so that D is not invertible, but D has always a-right inverse operator T (cf. [6] ), however, T may be nonadditive (cf. [1] ). In this case the general solution of (13) is as follows z = zQ + Tc"" 1 f, and the general solution of (12).takes the form y = zQx + xTc" 1 f, where zQ is an arbitrary element of the kernel of D with z = (e -TD)z.
Wow it is easy to see that there are only two possibilities mentioned above: we have either £ = 0 and D is a derivative with (1) 
however, the advantage of such a procedure is generally speaking very difficult to recpgnize.
